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Abstract 

We redrive Dirac equation in the Nonsymmetric Kaluza-Klein Theory getting an electric 
dipole moment of fermion and CP violation. 

In the paper we deal with a generalization of a Dirac equation on P (a metrized electromagnetic 
fiber bundle, see Refs [l]-[5]). Some elements of geometry are given in Appendices A and B. Thus 
we consider spinor fields l?,!fonP transforming according to Spin(l,4) (a double covering group 
of SO(l,4)—de Sitter group). We want to couple these fields to gravity and electromagnetism. 
For E and E we have E, E : P —>• C 4 and 

^(<d( g)p ) = (1 , 

&(<p(g)p) = &(p)v(g), 


where a e £(C 4 ), p = (x,gi) € P, g,gi € U(l). _ 

On E we define spinor ordinary fields ip, ip : E —>• C 4 . We suppose that ip and ip are defined 
up to a phase factor and that 

ip f (x)=&(f(x)) 

1 p f {x) = E(f(x)) 

where / : E —>• P is a section of a bundle P. In some sense spinor fields on P are lifts of spinors 
on E (see Appendix B), 

^(/O)) = AqvThh ^ 

ip f = f*E. 

Let us consider a different section of a bundle P, e : E —»• P. In this case we have 

ip e = e*E, ip = e*E, ip e (x) = E(e(x)), ip e (x) = E(e(x)), 

iP e ( x ) =ipf( X ) ex p(^x(*)), =^ f ( x )ew(-j^x( x )), 

where kq is a charge of a fermion, k = 0, ±1, ±2,... , for an electron k = 1, x is a gauge changing 
function. 
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( 4 ) 


gauge 

Let us define an exterior gauge derivative d of the field \P. One gets 

dP = + ( b M 5 


and 


gauge 

d 9/ = hordd^ = 

gauge_ _ _ 

d & = hord<F = 

Let 7 ^ € C{ C 4 ) be Dirac’s matrices obeying the conventional relations 


( 5 ) 


{ 7 ^ 7 ^} = 2 rj^ ( 6 ) 

(where is a Minkowski tensor of signature (-(-)) and let B = B + be a matrix such that 

7 m+ = B'fB- 1 , $ = ip + B (7) 


(the indices are raised by rj^ iu , an inverse tensor of rj^), where “+” is a Hermitian conjugation, 
and 

= g[7/*.7«/]- (8) 

We define 

7 5 = 7 1 7 2 7 3 7 4 g £(C 4^ 


One can easily check that 


{7A,7s} = 2 g AB 


where 

9ab = diag(-l, - 1 , - 1 , + 1 , - 1 ) 
and 7 A = ( 7 a j 7 5 ) 

(the indices are raised by g AB , an inverse tensor of g ab )• We have 

7 5 + = Bg b B~ l and = •Z'+B. 


(9) 

( 10 ) 


( 11 ) 


So 

7 a + = Bg A B~ x . (12) 

On the manifold P we have an orthonormal coordinate system 0 A and we can perform an 
infinitesimal change of the frame 


0 A ' = 0 A + 59 a = 9 a - e a b 6 b 
£ab + tBA = 0 . 


(13) 


If the spinor field P corresponds to d A and { P' to 0 A then we get 

p' = <p + SP = - e AB a A B& 

W' = W + 8\P = W + Wa AB £ AB 


(14) 
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(F and F are Schouten cr-quantities (see Refs [6], [7]) where 

OAB = |[ 7 A, 7 s]- ( 15 ) 

Notice that the dimension of the spinor space for a 2n-dimensional space is 2 n and it is the same 
for a (2n + l)-dimensional one (in our case n = 2). 

We take a spinor field for a 5-dimensional space P and assume that the dependence on the 
5th dimension is trivial, i.e. Eq. (1) holds. Taking a section we obtain spinor fields on E. 

Let us introduce some new notions. We introduce a Levi-Civita symbol and a dual Cartan’s 
base 


VaP'yS > ? ?1234 ~ \J~ det(<jf( aj g)) 

da = T3 Q 5 A ^ A 5 

V= W A7 ?a- 


We define 


Va = vr *(r/ a ) 

v = *-*(v) 

We rewrite here a Riemannian part of the connection 


w s = 


'7r*(w a p ) + g^H lP e 5 


g a P(H^ + 2 Fpjen 

0 


where H^ is a tensor on E such that 


95/3 9 


1& H ia + gcsg^Hfr = 2 g a5 g^F Pl , 


introducing the constant A = , 


w a b = 


'n*(w a p) + ±Tr*(F a p)6 5 




0 


(see Refs [8], [9]). 

Let us consider exterior covariant derivatives of spinors F and F, 

DF = dF + w A b$a B F 
DF = dF — w A bF&a B 


(16) 

(17) 

(18) 

(19) 


( 20 ) 


( 21 ) 


with respect to the Riemannian connection w A b- 

Now we introduce a derivative T >, i.e. an exterior “gauge” derivative of a new kind. This 
derivative may be treated as a generalization of minimal coupling scheme between spinor and 
electromagnetic field on P, 


VF = hor DF 
VF = hor DF. 


( 22 ) 
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We get 


where 


T>V = VF-^F%[ lcnl s]FQ» 

O 

VV = %# + ±F a ,&[' 1a ,' 1b ]6‘ t 

O 


(23) 


gauge _ 

P< V= d F + ^*{w a p)aJ i F 


~_ gauge_ „ _ 

VF = d &-tt*( w a p)Fa a p . 


(24) 


The derivative P is a covariant derivative with respect to both f*^) and “gauge” at once. 
It introduces an interaction between electromagnetic and gravitational fields with Dirac’s spinor 
in a classical well-known way {T>F = hovDF). 

In Dirac theory we have the following Lagrangian for a spinor 1-spin field on E: 




foe _ _ _ _ 

= i — (ip l A dip + dip A lip) + mc 2 ipiprj 


(25) 


where l = 

Let us lift Lagrangian on a manifold P. We pass from spinors ip and ip to F and F and from 

gauge 

the derivative d to d or to P. This is a classical way. Moreover, we have to do with a theory 
which unifies gravity and electromagnetism and in order to get new physical effects we should 
pass to our new derivative P. Simultaneously we pass from rj to r) and from l to n*(l) = l. 

In this way one gets 

C D (F,F,V) = ^(i PI A P'P' + VF A IP) + mc 2 FFrj. (26) 

Using formulae (23) one obtains 

C D (F,F,V) = C D (F,F,^) - i hF^F^Fr, (27) 

c 

where 

jC d (F,F,V) = AW + WAlf) + rnc 2 PPrj. (28) 

Now we should go back to a space-time E (see Appendix B) and we get the following La¬ 
grangian 


Cd(iP,iP,V) = Cd{iP,iP,F>) - i hF^ipma^ip 

Co(ip, ip, V) = —^(ip l A Vip + Vip A lip) + mc 2 ipiprj. 


We get a new term 

~i 2y/ ^ hF^ipma^ip. 


(29) 

(30) 


(31) 
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It is an interaction of the electromagnetic field with an anomalous dipole electric moment. For 
such an anomalous interaction it reads 


i^fF^ 75 <W- 


Our anomalous moment reads 


dkk — 



q ~ -7.56784835 x 10" 32 [cmlg 
V« 


where l p \ is a Planck length 


^pi — 



~ 1.61199 x 10 _35 m, 


(32) 


(33) 


q is an elementary charge and 

e 2 1 
he 137 

is a fine structure constant. 

This term can be also rewritten in a different way, 


~ (ft 3 c 5 ) 1/2 F^T5<W 

l\p 

where 

A p = rripC 2 ~ 1.2209 x 10 19 GeV 
m p = 2.1765 x 10 _8 kg 

are Planck energy scale and Planck mass. Thus we get a term which probably gives us a trace of 
New Physics on a Planck energy scale. This term is nonrenormalizable in Quantum Field Theory 
and it is of 5 order in mass units (i.e. c = h = 1) divided by an energy (mass) scale. 

The term (32) can be written in a very convenient way 

dkk^(P{^ ■ + i a^ff)^) (36) 

where 

* =(£-/)■ *-($?). ^ = ^ < 37 > 

= -7 5 ^ = 7 4 7 5 ^ = /?7 5 ^ (38) 

= (a x ,a y ,a z ), (39) 

I is the identity matrix 2x2 and d" are Pauli matrices. E is an electric field and if is a 
magnetic field. In this way our term introduces an anomalous dipole electric interaction and also 
an anomalous magnetic dipole interaction. Of course the magnetic interaction is negligible in 


(34) 

(35) 
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comparison to ordinary magnetic moment interaction of an electron. One can easily calculate this 
anomalous magnetic moment of an electron in terms of Bohr magneton getting 

4=(—W = 19.188 x KT 2 Vb, 
y/a v m p / 


where m e is a mass of an electron and ps = is a Bohr magneton. From the physical point of 
view the most important is the electric dipole moment (EDM). So we see that using spinors and 
and a derivative V in the Kaluza-Klein Theory we have achieved an additional gravitational- 
electromagnetic effect. It is just an existence of a dipole moment of a fermion, which value 
is determined by fundamental constants (only!). This is another “interference effect” between 
electromagnetic and gravitational fields in our unified field theory. Thirring also has achieved in 
his paper [10] a dipole electric moment of fermion of the same order. In his theory a minimal 
rest mass of fermion is of order of a Planck mass. Thus his theory cannot describe a fermion 
from the Standard Model. The anomalous moment in Thirring’s theory depends on a mass of a 
fermion. In order to get dkk of order ICE 32 [cm] q this must be of a Planck mass order. Otherwise 
the value of dkk can be smaller. (In reality W. Thirring obtains two types of anomalous Pauli 
terms—electric and magnetic of the same order.) 

In our case mass m may be arbitrary, e.g. m = 0. Thus we can consider also massless 
fermions. We can also consider chargeless fermions, i.e. for k = 0. It is also worth noticing that 
Thirring’s quantities and have nothing to do with our spinor fields and for a mysterious 
Thirring’s quantity ip which is absent in our theory (it appears also in Thirring’s definition of a 
parity operator). We develop the theory considered here also in ordinary Kaluza-Klein Theory 
and in the Kaluza-Klein theory with a torsion (see Refs [ 8 ], [11], [12]). Someone develops a 
theory using our spinors IF and getting also anomalous electric dipole moments (see Refs [13], 
[14]). We develop a similar approach for a Rarita-Schwinger field (see Ref. [15]). In the case 
of the Nonsymmetric Kaluza-Klein Theory we consider also a different approach (see [16], [17]). 
However now we consider the present as appropriate. 

Let us consider operations of reflection defined on a manifold P. To define them we choose 
first a local coordinate system on P in such a way that we pass from 0 A to dx A , i.e. (ir*(dx a ), dx 5 ). 
In this way 

x A = (x a , x 5 ), x a = (!& ,t). (40) 


Then 


! F(p) =&(x A ) = t),x 5 ) 


(41) 


and we define transformations: space reflection P (do not confuse with a manifold P), time 
reversal T, charge reflection C and combined transformations PC, 0 = PCT, 


& c (x a ,x 5 ) = CV*(x a ,-x 5 ), 


(42) 


where C 1 'y fl C = — 7 *. 

Taking a section / we get 

{ip f f{x a ) = C^ f *(x a ) (43) 

and a charge changes the sign. The reflection x 5 —>• — x 5 as a charge reflection has been already 
suggested by J. Rayski (see Ref. [18]). For the space coordinate reflection we have 

V p (x a ,x 5 ) = 7 4 <F(— t, x 5 ). (44) 
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Taking a section / we obtain 


(45) 


i.e. a normal parity operator on E. 

This contrasts with Thirring’s definition of the parity operator (Thirring was forced to change 
the definition of the parity operator on 5-dimensional space and he could not obtain a normal 
parity operator on E). The transformation of time-reversal T is defined by 

t, x 5 ) = C~ VyVlT (^, -t, -x 5 ). (46) 

Taking a section / we get 

(V’ / ) T (^,t) = C ,-1 7(47) 

and a charge does change sign, i.e. a normal time-reversal operator on a spsce-time. 

To define a transformation 9 = PCT we write 

P 0 ("+\ t, x 5 ) = — ry 5 P(— it, —t, —x 5 ). (48) 

Taking a section / we get 

0, t ) = -i 7 V(-^, ~t) (49) 

and a charge changes the sign. The transformation PC is as follows 

• & PC (£,t,x 5 ) =7 A CV*(-~£,t,x 5 ). (50) 

Taking a section / we have 

(si) 


and a charge changes a sign. 

It is clear now that the transformations obtained by us do not differ from those known from 
the literature. 

The additional term in Lagrangian (27) breaks PC or T symmetries as in Thirring’s theory 
(see Ref. [10]), but Thirring defines the operator PC in a different way. This can be easily seen by 
acting on both sides of Eq. (31) with the operator defined by Eq. (50). Of course this breaking is 
very weak and it cannot be linked to CP-breaking term in Cabbibo-Kobayashi-Maskava matrix. 
From this breaking due to efpc-pfi ase i which is responsible for PC nonconservation in K°,K° 
mesons decays and also for D°,D°, B S ,B S1 B°,B° and so on, see Ref. [19], we can get a dipole 
electric moment of an electron of order 8 x 10 ~ 41 [cm] q (if there is not New Physics beyond SM, 
see Ref. [20]). This is because all Feynman diagrams which induce EDM of electron vanish to 
three loops order. 

According to Ref. [20] electron EDM 


where 


d e 



In 


A 2 

Ml 


+ 0 ( 1 ) 


dw 


d\v = J 



/ q \ mfrn 2 s rn 2 c 

V 2 Mw J Ml 


(52) 


(53) 
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is EDM for a W boson, A is an energy scale for a New Physics (beyond SM), 

J = -“m ■‘>' 2 S. 3 Ci C 2 C 3 sin §cp = 2.96 x 10 -5 

(see Ref. [21]) is a Jarlskog invariant, mb,m s ,m c are masses of quarks (we suppose the existence 
of three families of fermions in SM) and s t = sin #j, c t = cos Oi, i = 1,2,3. 

EDMs of an electron d e and quarks can induce EDMs of paramagnetic and diamagnetic atoms 


^para ^ lOcy Z d e 

(54) 

d dia ~ioz 2 (|^) 2 d g . 

(55) 

For Thalium (Tl) and for Mercury (Hg) one gets 


dri = —585 d e 

(56) 

c?Hg = 7 x 1C )~ 3 e(d u — dd) + 10 ~ 2 d e . 

(57) 


For a neutron 

d n = (1.4 T 0.6)(d d - 0.25d n ) + (1.1 ± 0.5 )q(d d + 0.5 d u ) 

where dd , d u are EDM of quarks and dd,d Ul d q are color EDM operators (see Ref. [22] and references 
cited therein). Recently we have an upper bound on EDMs (see Ref. [23] and references cited 
therein) 

|o? n | < 2.9 x 10 ~ 26 [cm]g, |d c | < 1.6 x 10 " 27 [cm]g, d( 199 Hg) < 3.1 x 10 " 29 [cm]g. 

In the case of #-term in QCD we have also d n = 3 x 1O“ 16 0 [cm]g (see Ref. [22]). 

Recently there has been a significant progress in obtaining an upper limit on the EDM of an 
electron by using a polar molecule thorium monoxide (ThO). The authors of Ref. [24] obtained 
an upper limit on d e , 

\d e \ < 8.7 x 10 _ 29 [cm]g. (58) 

This is only of three orders of magnitude bigger than our result (see Eq. (33)). From the other 
side there is also a progress in calculation of SM prediction of EDM for an electron coming from a 
phase 5cp of CKM matrix. This calculation gives us the so called equivalent EDM (see Ref. [25]), 

<q ,jiv - KT 38 [cm]q, (59) 

which is bigger of three orders of magnitude than the result from Ref. [19]. Moreover, still smaller 
of six orders than our result. The parameter 0 from QCD is unknown and has no influence on EDM 
of an electron. The existence of EDM of an electron coming from Kaluza-Klein theory can help 
us in understanding of an asymmetry of matter-antimatter in the Universe. This EDM moment 
which breaks PC and T symmetry in an explicit way can have an influence on the surviving of 
an annihilation matter with antimatter following Big Bang. 

It is interesting to notice that EDM from Kaluza-Klein Theory is the same for a muon (a 
jj, meson) and a tauon (a r meson) as for an electron. We get the same value for flavour states 
of neutrinos. Due to this, EDM of this value can influence oscillations of neutrinos species (see 
Ref. [26]). 



To be honest, we write down a different, however trivial, coupling of spinor fields F and F in 
Kaluza-Klein. This is a coupling to a connection of the form 


7 r 


W B = 


! «s) 


(60) 


In this way F and F are transforming according to SL(2, C) and new phenomena are absent, i.e. 
we have to do with Lagrangian (28). 

Let us come back to neutrino oscillations in the presence of EDM. Let us write a Lagrangian 
for three neutrino species neglecting gravitational field: 


C D {F x ,F x ,d) = Y A dF x + dF x A IF X ) + i ^ F^F xl5 a lw F x ^j 


X=a,(3, r y 


+ Y c 2 ^ A m A A'^A'?7- (61) 

X,X'=a,/3,^y 


Despite the smallness of d kk its interaction with a strong electric and magnetic fields can result 
in sizeable effects (see Eq. (36)). m X y is a mass matrix for neutrinos which is not diagonal. In 
particular a = e, /3 = //, 7 = r. 

Let us consider mass eigenstates of our neutrinos !^ a , a = 1, 2,3 (see [26]) 

*\ = Y U ^a. (62) 

a=l,2,3 


The unitary matrix U = ( U Xa ) diagonalizes the mass matrix m = (m A y). The eigenvalues of the 
mass matrix are called m a , a = 1, 2, 3. 

^mi 0 0 \ 

0 m 2 0 =U + mU (63) 

v 0 0 m 3 J 

( C12C13 S12C13 si3e -,<5 \ 

u = -S 12 C 23 - Ci 2 S23Sl3e* 5 C 12 C 23 - Sl2S23Sl3e*' 5 S 23 C 13 (64) 

\ S 12 S 23 — Cl2C23Sl3e* <5 —C 12 S 23 — S 12 C 23 S 13 C** 5 C 23 C 13 J 


where = cos 9^, Sij = sin 9 t j , the angles dij € [0, ^], 5 € [0, 27t] is a Dirac CP violation phase 
(see Refs. [19], [26], i means A—flavour, j means a —mass eigenstate). 

In the new spinor variables the Lagrangian (61) reads 



where 

M a = m a c 2 + i = m a c 2 + d kk fd(^ ■ ^ • ^) ( 66 ) 

(see Eq. (36)). 
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Using initial conditions for mass eigenstates 

= o) = *P(ft) 

} (^) = U^C?) 

^ 0) (^) = (u-% A *fV) 


(67) 

( 68 ) 
(69) 


we can solve an initial value problem for linear equations corresponding to the Lagrangian (65), 
finding an evolution in time of fields E a (they do not couple). Afterwards using (62) and (69) we 
find oscillations of three neutrino flavours under an influence of magnetic and electric fields due 
to additional term coming from Kaluza-Klein Theory. Field equations for E a (Euler-Lagrange 
equations for Lagrangian (65)) are given in the following Hamilton form 


where 


()i]/ n 

ihc —— = H n E a , a = 1,2,3, 
at 


H a = eft ■ -ft + (3m a c 2 - dkk05 ■ + i ft • if) 

~ft = 


(70) 

(71) 

(72) 


Thus eventually one gets 

ifrc-wr = + m a c 2 /3<E a - d kk (^ ■ ^ + ift • ^)^ a , a = 1,2,3. (73) 

at 

Equations (73) are typical Dirac-Pauli equations. Moreover, they have a term which explicitly 
breaks PC transformation. We suppose J^ = const, = const. For Eqs (73) are linear the general 
solutions are expressed by the Fourier integral 



x Z! [ a i C) 4 ?) (^) ex P(-^(+)i 0i ) +4 C M°(?’)exp(-i£(-)Pt) 

C=±i 


(74) 


where aft\bP are arbitrary coefficients, uP,vP are base spinors such that 

H a uP = E(+) PuP (75) 

H a vP=E(-)PvP. (76) 

In the classical situation 

E(+)P = -E(-)P (77) 

and C = ±1 describes different polarization states of the fermions E a (see Refs [27], [28]). In our 
case £'(+)i +1 \ E(+) i E{— )i E(— )i +1 ' ) are roots of the polynomial of the fourth order 

det(H a (ft) - IE a ) = 0, a = 1,2,3, (78) 
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where I is the identity matrix 4x4 and 


H a (jt) = c!$-pt + f3m a (? - d kk 05-lii + idt ■_$), a = 1,2,3. (79) 

Spinors u^\v^ are eigenvectors corresponding to those eigenvalues. They are orthogonal. 
Using formulae (37)-(39) one transforms Eqs (78)-(79) into 


H„ = 


m a c 2 1 - d k kC ^ ' "^) (cf - idkk'io) ■ \ a = 1 9 3 

{cf-id kk t)^ dkkC$ • ~&) ~ m a c 2 l) ’ ’ ’ 


det ( (m “ c2 “ “ d 4‘(| ' T tst-iikrf).? ) — 0, a =1.2,3, (81) 

\ i c ~t - id kk B)~c? d kk (E ■ 7 ?) - ( m a c 2 + E a )I) 

where I is the 2x2 identity matrix. 

Using explicit forms of Pauli matrices 


10 Gy ~ 


one eventually gets 


m a c - E a 


d kk E z 

d kk {E x + iE y ) 

( Pz id kk B z 

C{p x + iPy ) 

id kk {B x -f- iB y ) 


d kk (E x ^Ey) cp z id kk B z 

m a c 2 - E a c{p x + ip y ) 

U d kk E z id kk (B x iBy) 

c(Px - iPy ) -TO. a C 2 - E a 

id kk (B x iBy) T d kk E z 

cp 2 + id kk B z d kk (E x + iEy) 


C{p x ~ iPy) N 

id kk {B x iBy) 


-cp z + id kk B z 


d k k(E x iEy 


-m a c 2 - E a 
T d kk E z 


= 0. (83) 


Using initial conditions we can determine coefficients a Jp and bp , i.e. we expand 
into Fourier integral 




a = 1,2,3. 


We can consider several possibilities of neutrino flavour oscillations supposing e.g. 


In this way 


^°)(^) = £(~r^) and <pp(Tp = ^ 0) (^) = 0. 


^ 0) (T>) = U aQ C(^ 
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which can be considered as initial conditions for oscillations. 

Moreover, this problem is beyond the scope of this paper and will be considered elsewhere. 
Let us notice that our generalization of a minimal coupling scheme Eq. (22) induces a new 
connection on P. 


or 


w A b = hor(iyg) 

/ 7 T*(#» ||7T*(FVL) \ 

\ -^ { F fj - e i)\ o ) ' 


(87) 

( 88 ) 


This connection is metric but with non-vanishing torsion. Properties of this connection have been 
extensively examined (also in the case of nonabelian Kaluza-Klein Theories) in Ref. [29]. 

Let us consider the following problem. What would it mean for Physics if someone measured 
an EDM for an electron of the value dkk = — - -r=q as predicted in this paper? It would mean the 
fifth dimension is a reality in the sense of a 5-dimensional Minkowski space. 

An experiment which measures such a quantity strongly supports an idea of rotations around 
the fifth axis in this space (the fifth dimension is a space-like). This EDM exists only due to these 
rotations. Otherwise spinor fields couple to a connection (60) and there is not a new effect. 

Even P is a 5-dimensional manifold, the additional fifth dimension is not necessarily of the 
same nature as the remaining four dimensions, in particular three space dimensions. This dimen¬ 
sion is a gauge dimension connected to the electromagnetic field. Moreover, we can develop this 
theory using Yang-Mills’ fields and also Higgs’ fields using dimensional reduction procedure, ex¬ 
pecting some additional effects. It means we can expect something as “travelling” along additional 
dimensions. This perspective would have a tremendous importance for Physics and Technology. 

Simultaneously an existence of an EDM of an electron has also very great impact on our 
understanding of PC and T symmetries breaking. This is also very important. 

Thus a mentioned measurement with an answer: Yes, would have very important physical, 
technological and even philosophical implications. 


Appendix A 

In the appendix we describe the notation and definitions of geometric quantities used in the paper. 
We use a smooth principal bundle which is an ordered sequence 

P={P,F,G,E, tt), (A.l) 

where P is a total bundle manifold, F is typical fibre, G, a Lie group, is a structural group, E is 
a base manifold and tt is a projection. In our case G = U(l), E is a space-time, n : P —>• E. 
We have a map ip : P x G —>• P defining an action of G on P. Let a,b £ G and e be a unit 
element of the group G, then <p(a) o <p(b) = <p(ba), <p(e ) = id, where <p(a)p = <p(p,a). Moreover, 
tt o ip (a) = tt. For any open set U C E we have a local trivialization U x G ~ t t _1 (£/). For 
any x € E, 7r _1 ({x}) = F x ~ G, F x is a fibre over x and is equal to F. In our case we suppose 
G = F, i.e. a Lie group G is a typical fibre, u is a 1-form of connection on P with values in the 
algebra of G, ©. In the case of G = U(l) we use a notation a (an electromagnetic connection). 
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Lie algebra of U{ 1) is R. Let ip'(a) be a tangent map to ip(a) whereas <p*(a) is the contragradient 
to <p'(a) at a point a. The form a; is a form of ad-type, i.e. 

ip*(a)u = ad' a _i u, (A. 2 ) 

where ad^-i is a tangent map to the internal automorphism of the group G 

ad a ( 6 ) = aba -1 . (A.3) 

In the case of U(l) (abelian) the condition (A.2) means 

£a = 0, (A.4) 

<5 

where £5 is a Killing vector corresponding to one generator of the group U(l). Thus this is a 

vector tangent to the operation of the group U(l) on P, i.e. to <p exp (j x ), x = x( x )> x £ E, £ is a 

Cs 

Lie derivative along £ 5 . We may introduce the distribution (field) of linear elements H r , r € P, 
where H r C T r (P ) is a subspace of the space tangent to P at a point r and 


v € H r u r (v) = 0. (A.5) 

So 

T r (P) = V r ® H r , (A. 6 ) 

where H r is called a subspace of horizontal vectors and V r of vertical vectors. For vertical vectors 
v € V r we have ir'(v) = 0. This means that v is tangent to the fibres. 

Let 

v = hor(n) +ver(u), hor(u) € H, ver(n) € V r . (A.7) 

It is proved that the distribution H r is equal to choosing a connection u. We use the operation 
hor for forms, i.e. 

(hor/3)(X, Y) = ^(horX, horK), (A. 8 ) 

where X,Y G T(P). 

The 2-form of a curvature is defined as follows 


i? = hor du> = Du , 


(A.9) 


where D means an exterior covariant derivative with respect to u. This form is also of ad-type. 
For i? the structural Cartan equation is valid 

f2 = du + ^[u,u\, (A. 10) 

where 

[u,u](X,Y) = [u(X),u(Y)}. (A.11) 

Bianchi’s identity for u is as follows 


Dfi = hor dYl = 0. 


(A.12) 


13 



The map / : E D U —>• P such that / o n = id is called a section (U is an open set). 

From physical point of view it means choosing a gauge. A covariant derivative on P is defined 
as follows 

DP = hor dP. (A. 13) 

This derivative is called a gauge derivative. P can be a spinor field on P. 

In this paper we use also a linear connection on manifolds E and P, using the formalism of 
differential forms. So the basic quantity is a one-form of the connection uj A b■ The 2-form of 
curvature is as follows 

PI A b = duj A B + oj A q A c vF b (A. 14) 

and the two-form of torsion is 

0 A = D9 a , (A.15) 

where 0 A are basic forms and D means exterior covariant derivative with respect to connection 
oj A b • The following relations are established connections with generally met symbols 


u A b = r A BcO C 
e A = \Q a b C Q b a e c 
Q a bc = r A Bc — r A C B 

D A b = \R A bcdO c A 6 d , 


(A.16) 


where r A BC are coefficients of connection (they do not have to be symmetric in indices B and C), 
R A bcd is a tensor of a curvature, Q A bc i s a tensor of a torsion in a holonomic frame. Covariant 
exterior derivation with respect to u A b is given by the formula 

DE A = dZ A + a ) A C A ~P 
DE A b = d£ A B + uj A c A Z C B - oo C b A E A C 


(A.1T) 


The forms of a curvature D A b and torsion 0 A obey Bianchi’s identities 

DQ a b = 0 
do a = n A B a e B . 


(A.18) 


All quantities introduced here can be found in Ref. [31]. 

In this paper we use a formalism of a fibre bundle over a space-time E with an electromagnetic 
connection a and traditional formalism of differential geometry for linear connections on E and P. 
In order to simplify the notation we do not use fibre bundle formalism of frames over E and P. 
A vocabulary connected geometrical quantities and gauge fields (Yang-Mills fields) can be found 
in Ref. [30]. 

In Ref. [32] we have also a similar vocabulary (see Table I, Translation of terminology). More¬ 
over, we consider a little different terminology. First of all we distinguished between a gauge 
potential and a connection on a fibre bundle. In our terminology a gauge potential A^O 11 is in a 
particular gauge e (a section of a bundle), i.e. 

= e* oj (A. 19) 
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where is a 1-form defined on E with values in a Lie algebra © of G. In the case of a strength 
of a gauge field we have similarly 

Af=e*fl (A.20) 

where A 6 U is a 2-form defined on E with values in a Lie algebra © of G. 

Using generators of a Lie algebra © of G we get 

A = A a ^X a = e* uj and F = \F a ^ 1 A 6 v X a = e* G (A.21) 

where 

[X a ,X b \ = C c ab X c , a,b,c= 1,2,. . r ,n, n = dimG(= dim©), (A.22) 

are generators of ©, C c ab are structure constants of a Lie algebra of G, ©, [•, •] is a commutator 
of Lie algebra elements. 

In this paper we are using Latin lower case letters for 3-dimensional space indices. Here we are 
using Latin lower case letters as Lie algebra indices. It does not result in any misunderstanding. 

F\ v = d, L A\ ~ d v A\ + C a bc A\A c u . (A.23) 

In the case of an electromagnetic connection a the field strength F does not depend on gauge 
(i.e. on a section of a bundle). 

Finally it is convenient to connect our approach using gauge potentials A a ll with usually met 
(see Ref. [33]) matrix valued gauge quantities A M and F^p. It is easy to see how to do it if we 
consider Lie algebra generators X a as matrices. Usually one supposes that X a are matrices of an 
adjoint representation of a Lie algebra ©, T a with a normalization condition 

Tv({T a ,T b }) = 25 ab , (A.24) 

where {•,•} means anticommutator in an adjoint representation. 

In this way 

A„ = A\T\ (A.25) 

= F\ v T a . (A.26) 

One can easily see that if we take 

Ffxu = d^A u — d v An + [Ap, A u \ (A.27) 

from Ref. [33] we get 

F IX p = (F\p)T a , (A.28) 

where F a ^p is given by (A.23). From the other side if we take a section f,f:U-*P,U(ZE, 
and corresponding to it 


A = A\e»X a = f*u 
F = \F a ,p0^rx a = f*Q 


(A.29) 
(A.30) 
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and consider both sections e and / we get transformation from A a ^ to A a ll and from F a ^ u to F a ^ u 
in the following way. For every x € U C E there is an element g(x ) € G such that 

f(x) = e(x)g(x) = ip(e(x),g(x)). (A.31) 

Due to (A.2) one gets 

A(x) = ad^_i (x) A(x) + g~ x {x) dg(x) (A.32) 

F(x) =ad' g -i {x) F (x) (A.33) 

where A(x),F(x) are defined by (A.29)-(A.30) and A(x),F(x) by (A.21). The formulae (A.32)- 
(A.33) give a geometrical meaning of a gauge transformation (see Ref. [30]). In an electromagnetic 
case G = U(l) we have similarly, if we change a local section from e to / we get 

/(*) = exp(*x(*))) (/ :UD EP) 

and A = A + dx- 

Moreover, in the traditional approach (see Ref. [33]) one gets 

\{x) = U (x)" 1 A^(x)U (x) + U~ 1 (x)d fl U(x) (A.34) 

F^(x) = U~ 1 (x)F flu U(x), (A.35) 

where U(x) is the matrix of an adjoint representation of a Lie group G. 

For an action of a group G on P is via (A.2), g{x) is exactly a matrix of an adjoint represen¬ 
tation of G. In this way (A.32)-(A.33) and (A.34)-(A.35) are equivalent. 

Let us notice that usually a Lagrangian of a gauge field (Yang-Mills held) is written as 

£ym ~ Tr (F^F^) (A.36) 

where F^ v is given by (A.26)-(A.27). It is easy to see that one gets 

Cym ~ h ab F\ v F b ^ (A.37) 

where 

h ab = C d ac C c bd (A.38) 

is a Cartan-Killing tensor for a Lie algebra 65, if we remember that X a in adjoint representation 

are given by structure constants C c ab . 

Moreover, in Refs [1, 3] we use the notation 



n = \F a ^ A e v x a . 

(A.39) 

In this language 

Cym = ±h ab H\ u H b ^. 

(A.40) 

It is easy to see that 

A Q v X a ) = A T X a . 

(A.41) 

Thus (A.40) is equivalent to (A.37) and to (A.36). (A.36) is invariant to 
(A.40) is invariant with respect to the action of a group G on P. 

Let us notice that h ab F a ^ u F b ^ v = h ab H a lxv H b ^ u , even H a /W is defined on 

a change of a gauge. 

P and F a ^ v on E. In 


the non-abelian case it is more natural to use H a ^ u in place of F a ^ u 
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Appendix B 


In this paper we consider two kinds of spinor fields P, P and ip, ip defined respectively on P 
and E. Spinor fields P and P transform according to Spin(l, 4) and ip, ip according to Spin(l, 3) — 
SL(2,C). We have 

U{g)P{X) = D F (g)P(g~ 1 X), X € M^\ g € SO(l,4). (B.l) 

SO(l,4) acts linearly in M^ 1,4 ) (5-dimensional Minkowski space). The Lorentz group SO(l,3) C 
SO(l,4). D b is a representation of SO(l,4) (de Sitter group) such that after a restriction to its 
subgroup SO(l,3) we get 

£ F |S0(1,3)(A) = £(A), (B.2) 

where 

L(A) = D ( 1 / 2 ’o) (A) © D (0 ’ 1/2) (A) (B.3) 

is a Dirac representation of SO(l,3). More precisely, we deal with representations of Spin(l,4) 
and Spin(l,3) — SL(2,C) (see Ref. [34]). In other words, we want spinor fields P and P to trans¬ 
form according to such a representation of Spin(l,4) which is induced by a Dirac representation 
of SL(2, C). The complex dimensions of both representations are the same: 4. The same are also 
Clifford algebras 

£7(1,4)-<7(1,3) (B.4) 

(see Refs [35], [36]). 

One gets (up to a phase) 

^|SL( 2 ,C) = V’- (B.5) 

Spinor fields ip and ip transform according to Dirac representation, ip = ip + B. Our matrices 7 ^ 
and 7 a are representations of <7(1, 3) (<7(1,4)). One can consider projective representations for P 
and ip, i.e. representations of Spin(l, 3) <g> U(l) and SL(2, C) <8>U(1). Moreover, we do not develop 
this idea here. 

In this paper we develop the following approach to spinor fields on E and on P. We introduce 
orthonormal frames on E (dx 1 , dx 2 , dx 3 , dx 4 ) and on P (dX 1 = ^(dx 1 ), dX 2 = tt*( dx 2 ), 
dX 3 = 7 r*(dx 3 ), dX 4 = 7 r*(dx 4 ), dX 5 ). Our spinors P on (P, "'/(ab)) and ip on (E,g^ a ^) are 
defined as complex bundles C 4 over P or E with homomorphisnrs p : <7(1,4) —>• C{ C 4 ) (resp. p : 
<7(1,3) —>• £(C 4 )) of bundles of algebras over P (resp. E) such that for every pGP (resp. x € E), 
the restriction of p to the fiber over p (resp. x) is equivalent to spinor representation of a Clifford 
algebra <7(1,4) (resp. <7(1,3)), i.e. D h (resp. Dirac representation, see Refs [37], [38]). (There 
is also a paper on a similar subject (see Ref. [39]).) Spinor fields P and ip are sections of these 
bundles. There is also an approach to consider spinor bundles for P and ip as bundles associated 
to principal bundles of orthonormal frames for (P, 7 (AB)) or (A, g( a / 3 )) (spin frames). Spinor fields 
P and ip are sections of these bundles. In our case we consider spinor fields P and P transforming 
according to (13) and (14). In the case of 'ip and ip we have 


Q al = e a + se a = 9 a - e a p6 p 

= 0 . 


(B.6) 
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If the spinor field ip corresponds to 9 a and ip' to 9 a ' we get 

ip' = ip + Sip = ip — £ al3 °'ai3' t P 

Ip' = Ip + dip = Ip + 1pE al3 (T a p. 


(B.7) 


Spinor fields T and T are ip and ip in any section of a bundle P. Simultaneously we suppose 
conditions (2). 

Similarly as for T, T one gets 


Dp’ = dip + w a p(jJ > ip 
Dip = dip — w a pipa a P 

— — gauge „ 

T>ip = hor Dip = d ip + Hf*pa Jr ip 

_ _ __gauge_ ~ _ 

V ip = hor Dip = d ip — w a pipaj i . 


(B.8) 


(B.9) 
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